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ABSTRACT:In this study using the N-Picture fuzzy soft definitions, we define some concepts
such as the N-Picture fuzzy soft lattice, N-Picture fuzzy soft sub lattice, complete N-Picture
fuzzy soft lattice, modular N-Picture fuzzy soft lattice, distributive N-Picture fuzzy soft lattice,
N-Picture fuzzy soft chain then we study the relationship and observe some common
properties.

KEY WORDS: Soft set, Fuzzy soft set, Picture fuzzy set, N-Picture fuzzy soft set, distributive
lattice, modular lattice, chain.

1. INTRODUCTION

Soft set theory [31] was firstly introduced by Molodtsov in 1999 as a general mathematical
tool for dealing with uncertainty. The operations of soft sets are defined by Maji et al. [30]
and redefined by Cagman and Enginoglu [6]. Recently, the properties and applications on the
soft set theory have been studied increasingly [2, 9, 17, 36, 40]. The algebraic structure of
soft set theory has also been studied in more detail [1, 4, 11, 18, 19, 21, 22, 23, 24, 25], and
many interesting applications of soft set theory have been expanded by embedding the ideas
of fuzzy sets [4, 8, 12, 28, 37, 39]. The soft lattice structures are constructed by Nagarajan
and Meenambigai [32] and Li [27] over a soft set. Manemaran and Nagarajan [[33], [34]]
introduced N-Picture fuzzy soft (1,2)-ideal structures and temporal generated N-Picture fuzzy
soft substructures. In this study using the N-Picture fuzzy soft definitions, we define some
concepts such as the N-Picture fuzzy soft lattice, N-Picture fuzzy soft sub lattice, complete N-

Picture fuzzy soft lattice, modular N-Picture fuzzy soft lattice, distributive N-Picture fuzzy
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soft lattice, N-Picture fuzzy soft chain then we study the relationship and observe some
common properties.
2. BASIC CONCEPTS AND PRELIMINARIES

Definition 2.1: Let U be a non-empty set. Then by a fuzzy set on U is meant a functionA : U
— [0, 1]. A is called the membership function, A(x) is called the membership grade of x in A.
We also write A = {(x, A(X)) : x € U}.

Example 2.2:Consider U = {X, y, z, p} and A : U — [0, 1] defined by A(x) = 0, A(y) = 0.1,
A(z) =0.9, A(p) = 1.

Definition 2.3: [Naim cagman] Let U be an initial universe, E be the set of all parameters
and AC E. A pair (F, A) is called a fuzzy soft set over U where F: A — P(U) is a mapping
from A into P(U), where P(U) denotes the collection of all subsets of U.

Example 2.4:Consider the above example, here we cannot express with only two real
numbers 0 and 1, we can characterized it by a membership function instead of crisp number 0
and 1, which associate with each element a real number in the interval [0,1].Then

(fa, E) = {fa(e1) = {(u1, 0.7), (uz, 0.5), (u3, 0.4), (uq, 0.2)},

fa (e2) = {(uq, 0.5), (uy, 0.1), (us3, 0.5)} is the fuzzy soft set representing the “colour of the
shirts” which Mr. X is going to buy.

Definition 2.5:A Picture Fuzzy Set (PFS) A on a universe X is an object of the form
A={(X,ua(X),na(x),va(X))/xeX}where  pa(X)€[0,1] iscalled  thedegree  ofpositive
membership(PM) of x in A, na(X)€[0,1] is called the degree of neutral membership (NeuM)
of x in A, va(X) € [0,1] is called the degree of negative membership (NM) of x in A.
Ha(X),na(x),va (X) must satisfy the condition pa(x)tnax)tva(x) <1vx € X. Thenvx € X,
I—(pa(x)tma(x)+va(x)) is called the degree of refusal membership of “x” in A.

Definition 2.6: A negative picture fuzzy (N-Picture fuzzy) soft set A4 on the universe
ofdiscourseX is defined as A=(x,8,(x),[4(x),A4(x)), x € X ,where o, I,
A:X—[—1,0]and — 1 <8 4(x), 4 (x),A_4(x)<0.

Definition 2.7: A N-Picture fuzzy soft seteAovertheuniverse X is said to be null or empty
N-Picture fuzzy soft setif 6 4(x) = —1,14(x) = —1,A4(x) =0 for all x € X. It is
denoted by —1.
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Definition 2.8: A N-Picture fuzzy soft seteAZovertheuniverse X is said to be absolute
(universe) N-Picture fuzzy soft setif

6,4,(x) =0,14(x)=0,A4(x) =—1,forall x € X. Itis denoted by 0y.
Definition 2.9: Let “M” be a non-empty ordered set.

Q) If X yand x ~y exist for all x,yeM, then M is called a Lattice.

(i) If « Nand A N exists for all NcM, then M is called a Complete Lattice.
Definition 2.10: An algebra (L, , ~) is called a Lattice if L is a non-empty set, - and A
are binary operations on L, both < and ~ are idempotent, commutative and associative and

they satisfy the two absorption identities. That is, for all a,b,c € L.

1. a~a=a ; ava=—a

2. a ~b=b ~a ; avb=bva

3. (@ Ab)Ac=a~( ~0) (avb)vc=av (b0
4. a~(avb)=a ;av (@ Ab)=a

Definition 2.11:Let Fa and Gg be two N-Picture fuzzy soft sets over the common universe U.
Fa is said to be a N-Picture fuzzy soft subset of Gg if A < B and Tr)(x) < Tg(o)(X), lre)(x) <
le)(X), Fre)(x) > Fg(o)(X), for all ce A, xeU. We denote it by FacGg.
Definition 2.12:The complement of a N-Picture fuzzy soft set Fa denoted by Fa°, when FA“:
A —P(U) is a mapping given by F°(a) = N-Picture fuzzy soft set complement with T£(x) =
Fr(X), IE°(X) = 1g(X) and F£5(X) = Te(X).
Definition 2.13:Let Ha and Gg be two N-Picture fuzzy soft sets over the common universe
U, then the intersection of Ha and Gg is denoted by Han Gg and is defined by Han Gg = K¢,
when C=AnB and the truth-membership, indeterminacy-membership and falsify-
membership of K are as follows:

Tie(m) = min { Trey (M), Tee(m) }
lho (M) + 1 (M)

2
Fk(m) = max { Fue(m), Fee(m) }, if ce AnB.

lk@(m) =

Also, Hau Gg = K; where ¢ = AUB and the truth-membership, indeterminacy-membership

and falsify-membership of K. are as follows:
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Tk((m) = max { Tue(m), Te(m) }
i (M) + 15 (M)
2
Fk(m) = min { Fy(m), Fee(m) }, if ce AnB.
3. LATTICE STRUCTURE OF N-PICTURE FUZZY SOFT SETS

lk(m) =

In this section, the notion of N-Picture fuzzy soft lattice is defined and several related
properties are investigated.

Definition 3.1:Let P- be the N-Picture fuzzy soft set over U. < and ~ be two binary

operations on p-. If elements of P- are equipped with two commutative and associative

binary operations - and ~which are connected by the absorption law, then algebraic

structure(P", v, ~) is called a N-Picture fuzzy soft set.

Fig -1.Hasse diagram for N-Picture fuzzy soft latticestructure.

Example 3.2: LetU ={u,,U,,U,,U,}be a universe set and P- ={J,,5;,6,, 0, }= PS(U).

Suppose that,

u1 u2 u3 u4
5A: e1l ] ez: 1 ) e31 T A A o
-0.3-02,-0.7 -03-06,-03 -03-07-08 -0.2,-0.6,-0.7

U u, U
5B: ) ell f ) ez:
-01-04-06 -0.2,-0.6,—-0.8 -04,-06-0.7

s.=1le Uy u, e U, U,
c ' 04,-02-05"-0.1,-0.5,-0.7 /'\ ¥ -04,-06,-02" —-0.4,—0.7,—0.8
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_ ul uZ
%=\ * 0720604’ Z06-0203

Then (P-,u,n) is a N-Picture fuzzy soft lattices.

Proposition 3.3: Let (P~ ~  A) be a N-Picture fuzzy soft lattice and &,.8, € PS(U), then
S, ~ 6,= 5, ifandonlyif 5, v 5,= 5,.
Proof: Here (P- \ | ~) be a N-Picture fuzzy soft lattice and &,, 5, € PS(U).
Now, Sp A 8= Sy~ (8~ 65)
=(85, ~8,) ~ (5, ~ 5,) bydistribution lattice

= 05N O,

Oa
Conversely, 6, ~ 6,= (5, ~ 85)~ &
= (5, ~ 85) ~ (8, v~ &,) by distribution lattice
= 5y A O
= 5,. Hence, the proof.
Proposition 3.4: Let (P- \ ~) be a N-Picture fuzzy soft lattice and 5,5, € PS(U), then
the relation < which is defined by 5,<s,ifand only if 5, ~ 5,= 5, Ors5, v 5,= &,.
Proof: (i) the order relation is reflexive, for all 5, ept
Let 5,<s ifandonly if 5, ~ 5,= 5,.
(ii) the order relation is anti-symmetric, for all 5,, 5, €p",
Let 5,<s.and 5,<5,.
Then, Sy = 64 ~ Oy

= 0g A O,

2
(iii) the order relation is transitive, for all s,, s,and 5. ep*
If6,<s,and 5,<s_implies 5,<s,.

Indeed s, ~ 5, = (5, A 55) ~ S
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=(6.) ~ (85 ~ 5.)
=5, A~ O
= 6,. Thetheorem is proved.
Proposition 3.5: Let (P~ | ~) be a N-Picture fuzzy soft lattice and 5., € PS(U), thens,
v szand 5, ~ &, on the least upper and greatest lower bound of s,and s, respectively.
Proof: Suppose that 5, ~ &, is not the greatest lower bound of s,and s, then there exists
5. € PS(U), such that
Sa~ S5 <6.<s, and
a8y = 5.5 05
Hence, Se NS, S Sy~ Sy
Thus, 5. S Sy~ Sy
Therefore,  s_= &, ~ &,.Butthisis contradiction.

5, &, being the least upper bound of 5, and s, can be shown in a similar way.
Lemma 3.6: Let P~ e PS(U). Then N-Picture fuzzy soft lattice inclusion relation ‘c’ that is
defined by 5,6, ifandonly if 5,06, = 5, Or 5,N5, = &5, Is an ordering relation on =
Proof:Forall 5,, s,and s5_ept,

() 5, €P, cis reflexive, 5,5, 5,N8, = 5,
(i) &, 55 €P", s anti-symmetric, let 5,26, and 5,S5,< 65, = &,
(iii) 5., s,and s5_€P", s transitive, If5,S 6, and &§,C 5, 5,C s,
Corollary 3.7: (P~ U, n, <) is a N-Picture fuzzy soft lattice.
Definition 3.8: Let (P-, v, ~, <) be a N-Picture fuzzy soft lattice and let 5, €P-. If 5,<3,,
for all 5, €pt then «“s,” is called the minimal element of p-, |f 5,<5,, forall 5, Pt then
«s,” is called the maximal element of pt,
Definition 3.9: Let (P, v, ~, <) be a N-Picture fuzzy soft lattice and let 5, €P-. If 5,<J,

or 5,<68,, forall 5,, 5, €P‘ then “P- is called a N-Picture fuzzy soft chain,
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Example 3.10: Consider the N-Picture fuzzy soft lattice in Example-1. A N-Picture fuzzy
soft subset P°= {5,, S5, 553 < PS(U) of Pt is a N-Picture fuzzy soft chain. But (P-, U, N,
<) is not a N-Picture fuzzy soft chain. Since, §,and s_ cannot be comparable.

Definition 3.11: Let (P~ |, A, <) be a N-Picture fuzzy soft lattice. If every subset of P-
have both a greatest lower bound and a least upper bound, the P" is called a complete N-

Picture fuzzy soft lattice.
Example 3.12: Let U={u,,U,,U,,U,}be a universe setand P" = {5,,55,6;, 5, }= PS(U).

Suppose that,

_ ul u4
S =N\ % 207 20503 ~02-08-03
s, =1 e, U ’ Us e, U, , Uy
01-03-07 —03,-05-07 04,-06-07 —07.-08-04

— el ul u2 u3 UA
%" I\ V' Z04,-03-06 -03-06-01 -04-07-08 " -07-05-04
Op = ¢

then (P-, U, N, <) is a complete N-Picture fuzzy soft lattice.

Definition 3.13:Let (P~ | ~, <) be a N-Picture fuzzy soft lattice and PR < P-. If PR is N-
Picture fuzzy soft lattice with the operation of P", then P® is a N-Picture fuzzy soft sub lattice
of P-.

Proof: It is obvious from Definition.

Example 3.14: Let U={u;,U,,U,,U,}be a Universe setand P" ={3,,35,5., 5, }= PS(U).

Suppose that,

— ul u3
S =N\ % 207 20603 ~06,-04-02

S e ul u3 u5 ) uZ u4
? "-02-01-03"-04,-01-06"-01-07-06 '\ *'-04-06-03" -01-0.7,-0.4

N
0
1

ul u2 u5 ul u3
eli ) ) ) e21 )
-04-02-05 -03-04,-06 -06-01-07 -0.7-03-04" -03,-06,-0.1
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Op = ¢
If P* ={5,,55, 65 }< PS(U) then PR is N-Picture fuzzy soft sub lattice.
Definition 3.15: Let (P- \ ~, <) be a N-Picture fuzzy soft lattice and 5., 55: . €P".
If (64 ~ ) V(54 A 65)S 4 A(Sg v 5.) O 8, A(S5 v 5.) S84 A Fg) v (Fa A Sc)
then P" is called a one-sided distributive N-Picture fuzzy soft lattice.
Theorem 3.16:Every N-Picture fuzzy soft lattice is a one-sided distributed N-Picture fuzzy
soft lattice.
Proof: Let 5, s,and Oc e P-
Since, 5, A 6y < 5,aNd5, A Sy = 5SS Ao
Sy~ Oy S5,and 5, A Sy < 5y A 5.
Therefore,
Sa N ST (Sa AN ) A (S~ )04~ (S5 vs) - )
And also we have,
Sans. Sdad 5, A5, S 5.5 5y v s
Since, Sans. <sand 5, A 5. < 5 v s, ’then
Sa~ e T(Oan ) A (Sans)S 8~ (g 5.) - @)
From (1) and (2), we have
(Oa ~Be) v (Sa~5)S Sy~ (S5 5.)

Definition 3.17: Let(P- «, ~, <) be a N-Picture fuzzy soft lattice. If P" satisfies the

following axioms, it is called a distributive N-Picture fuzzy soft lattice;

(i) 5AV(5BAéc):(éAvaB)A(5AV5c)

i)  Oa /\(55 V5C)Z(5A /\55) v (5A /\é'c),for all 5,5, and 5_ e P".
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Sy

Fig-2. Hasse diagram for distributive N-Picture fuzzy soft lattice structure

Example  3.18: Let U={u,u,,u;u,,u} be a universe set and
P" ={8,, 5,.65.6¢, 65, 6z }< PS(U). Then ptc PS(U) Is a N-Picture fuzzy soft lattice

with operations U and M.

Suppose that,

s.=1le U Ug
A I\ -07,-06,-03" -06,-04,-02

S, = e u1 u3 u5 ) UZ u4
5 I\ 202-01-03" -04,-0.1-06" -01-07-06 )"\ *' -04,-06,-03" -0.1-0.7,-0.4

—_ el ul u2 u5 e ul u3
% T I\ T Z04-02-05" -03-04,-06" -06-01-07 )"\ " -07-03-04" =03-06,-01
o — ¢
Therefore, (P-, U, N, <) is a distributive N-Picture fuzzy soft lattice.

Definition 3.19: Let(P- «  ~, <) be a N-Picture fuzzy soft lattice, then P" is called a N-

Picture fuzzy soft Module Lattice, if it is satisfies the following property;

0. S 3, = 04 A0y v, )= (0, A0y )V, forall 5, 5, and 5. < P~
Example  3.20:Let  U={u,u,,u;,u,,u;}  be a  universe set  and
P" ={8,, 6,050, 55, S < PS(U). Then ptc PS(U) Is a N-Picture fuzzy soft lattice

with operations U and M.

25 International Journal of Engineering, Science and Mathematics
http://www.ijesm.co.in, Email: ijesmj@gmail.com




International Journal of Engineering, Science and Mathematics
Vol. 8,Issue 3, March 2019,
ISSN: 2320-0294 Impact Factor: 6.765

Journal Homepage: http://www.ijesm.co.in, Email: ijesmj@gmail.com
Double-Blind Peer Reviewed Refereed Open Access International Journal - Included in the International Serial Directories Indexed &
Listed at: Ulrich's Periodicals Directory ©, U.S.A., Open J-Gage as well as in Cabell’s Directories of Publishing Opportunities, U.S.A

1)

e

Fig-3. Hasse diagram for modular N-Picture fuzzy soft latticestructure.

Suppose that,

_ ul u3
S =N\ % 207 20603 ~06,-04-02

5. = e ul u3 u5 ) uZ u4
? "-02-01-03"-04,-01-06"-01-07-06 '\ *'-04-06-03" -01-0.7,-0.4

— ul u2 u5 e ul u3
T\ & ~04,-02-05"-03,-04,-06" -06-01-07 )"\ " -07-03-04" -0.3-06,-01

Sp = ¢

Therefore, (P-, U, N, <) is a modular N-Picture fuzzy soft lattice.

4. CONCLUSION
In this paper, we defined the concept of N-Picture fuzzy soft lattice ad an algebraic structure
and showed that these definitions are equivalent. We then investigated some related

properties and some important characterization theorems.

Open problem: A necessary and sufficient condition in order that the lattice of N-Picture

fuzzy soft set is distributive (or modular).
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